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Abstract 

Throughput scaling laws of an ad hoc network equipping directional antennas at each node are 
analyzed. More specifically, this paper considers a general framework in which the beam width of 
each node can scale at an arbitrary rate relative to the number of nodes. We introduce an elastic 
routing protocol, which enables to increase per-hop distance elastically according to the beam width, 
while maintaining an average signal-to-interference-and-noise ratio at each receiver as a constant. 
We then identify fundamental operating regimes characterized according to the beam width scaling 
and analyze throughput scaling laws for each of the regimes. The elastic routing is shown to achieve 
a much better throughput scaling law than that of the conventional nearest-neighbor multihop for 
all operating regimes. The gain comes from the fact that more source-destination pairs can be 
simultaneously activated as the beam width becomes narrower, which eventually leads to a linear 
throughput scaling law. In addition, our framework is applied to a hybrid network consisting of 
both wireless ad hoc nodes and infrastructure nodes. As a result, in the hybrid network, we analyze 
a further improved throughput scaling law and identify the operating regime where the use of 
directional antennas is beneficial. 
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I. Introduction 

As the number of deviees explosively inereases for maehine-to-maehine (M2M) eommu- 
nieations in the era of the internet of things (loT), eharaeterizing the aggregate throughput 
of large-scale wireless networks beeomes more erueial in developing transmission protoeols 
effieiently delivering a number of packets. While numerical results via computer simulations 
depend heavily on specific operating parameters for a given system or protocol, a study on 
the capacity scaling of large-scale networks with respect to the number of nodes provides a 
fundamental limit on the network throughput. Hence, one can obtain remarkable insights into 
the practical design of a protocol by characterizing the capacity scaling law. 

A. Related Work 

In dll, throughput scaling was originally introduced and characterized in a large-scale 
wireless ad hoc network. It was shown that, for a network having n nodes randomly distributed 
in an unit area (i.e., a dense network), the aggregate throughput scales as by 

conveying packets in the nearest-neighbor multihop routing fashionQ There have been further 
studies based on multihop routing in the literature |l2l-|[8l, while the total throughput scales 
far less than Q{n). In dll, the aggregate throughput in the dense network was improved to 
an almost linear scaling, i.e., for an arbitrarily small e > 0, by using a hierarchical 

cooperation strategy. Besides the hierarchical cooperation scheme d9l- dT2l . there has also been 
a steady push to improve the throughput of interference-limited networks up to a linear scaling 
by using node mobility 13, IfTSlI . interference alignment [[T4l . infrastructure support lfT5ll - d^ . 
and directional antennas If23 . Il23 . 

To achieve such a linear scaling, there will be a price to pay in terms of delay d3l> 
da, uni, cost of channel estimation da, HU, and infrastructure investment [[T^ . |[T9l . On 
the one hand, the use of directional antennas 1123 - 112^ in ad hoc networks has recently 
emerged as a promising technology leading to the enhanced spatial reuse, the improved 
transmission distance, and the reduced interference level with relatively low cost in comparison 
to alternative technologies. Especially, for wireless systems using millimeter wave (mmWave) 
technologies operating in the 10-300 GHz band, which have been considered as one solution 
to enable gigabit-per-second data rates, equipping directional antennas at each node may be 
more challenging. This is because mm Wave links are inherently directional and thus steerable 
antenna arrays can be easily implemented, thus resulting in a much higher link gain d25ll . Due 
to these reasons, the interest in studies of more amenable networks using directional antennas 
has been greatly growing. In the literature, the previous work based on the protocol model [[II 
has shown that, for an infinitely large antenna gain (or equivalently, for an infinitely small 
beam width), the use of directional antennas provides a substantial throughput enhancement 
up to a linear scaling ll2^ . Similarly, the throughput scaling law was studied based on an 
interference model for directional antennas lf23]l . There have also been other research directions 
showing the capacity scaling when directional antennas are used under different assumptions 
as well as different situations |[27]l . Il28]l . It is, however, still unclear how much throughput 
scaling gain is attainable by directional antennas under a more realistic wireless channel. More 
precisely, for all beam width scaling conditions, the analysis so far would not be suitable for 
fully understanding the effects of directional antennas on the throughput scaling since it 

*We use the following notation: i) f{x) = 0{g(x)) means that there exist constants C and c such that f{x) < Cg{x) 
for all X > c, ii) f{x) = o{g{x)) means that lima,_,tx3 = 0, hi) f{x) = U(g(a;)) if g{x) = 0{f{x)), and iv) 

fix) = Qigix)) if fix) = 0(g(x)) and g(x) = O(fix)). 
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does not reflect the physically attainable antenna gain that may be exploited to enhance the 
throughput scaling in the presence of interference. 

B. Contributions 

In this paper, when there are n randomly located nodes in a network equipping directional 
antennas at each node, we deal with a general framework in which the beam width of each 
node, 6, scales at an arbitrary rate with respect to n, which provides a comprehensive under¬ 
standing on fundamental limits of directional antennas for wireless ad hoc networks. Similarly 
as in ^T2\ . [12^ . we take into account a simplified but feasible directional antenna model having 
mainlobe and sidelobe gains. Then, by completely utilizing the characteristics of directional 
antennas, we introduce a new routing, termed elastic routing, and analyze its throughput 
scaling laws. The proposed routing protocol enables to increase the average transmission 
distance at each hop elastically according to the beam width, while setting the average 
signal-to-interference-and-noise ratio (SINK) at each receiver to a constant independent of 
n. We identify two fundamental operating regimes characterized according to the 6 scaling 
and analyze throughput scaling laws for each of the regimes. Our main results demonstrate 
that the proposed elastic routing achieves a much better throughput scaling law compared to 
the conventional nearest-neighbor multihop routing for all operating regimes. The gain comes 
from the fact that more source-destination (SD) pairs can be activated simultaneously as the 
beam width 6 becomes narrower, which eventually provides up to a linear throughput scaling. 
Interestingly, it is further shown that the average delay is reduced by the proposed elastic 
routing while achieving an improved throughput scaling, which is in sharp contrast with the 
omnidirectional mode (i.e., 9 = 0(1)) [|5l. 

In addition, our result is extended to a hybrid network scenario. Since there will be a 
long latency and insufficient energy with only wireless connectivity, it would be good to 
deploy infrastructure nodes, or equivalently base stations (BSs) in the network, while possibly 
improving the throughput scaling. In a hybrid network equpping directional antennas at each 
node, we analyze the impact and benefits of our elastic routing in further improving the 
throughput scaling. 

Our comprehensive analysis sheds more light on the routing policies and on operational 
issues for ad hoc networks in the directional mode. 

C. Organization 

The rest of this paper is organized as follows. The system model is described in Section |nl 
In Section Uni the elastic routing protocol is presented. In Section |IVl the throughput scaling 
laws are derived. In Section |Vl our result is extended to a hybrid network model. Finally, 
Section summarizes the paper with some concluding remarks. 

II. System Model 

We consider a two-dimensional wireless ad hoc network consisting of n nodes that are 
uniformly distributed at random on a square. The nodes are grouped into n/2 SD pairs at 
random. Each node operates in half-duplex mode and is equipped with a single directional 
antenna. The network area is assumed to be one and n in dense and extended networks, 
respectively. 
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Fig. 1. The beam pattern of the directional antenna model under consideration. 


We define a hybrid antenna model whose mainlobe is eharacterized as a sector and whose 
sidelobe forms a circle (backlobes are ignored in this model)Jl As illustrated in Fig. [H the 
antenna beam pattern has a gain value Gm for the mainlobe of beam width 6^ G [0, 27r), and 
also has a sidelobe of gain Gs of beam width 271 — 9. The parameters Gm and Gg are then 
related according to 


— Gm + — - -Gg 

271 271 


1 , 


where 0 < G* < 1 < Gm- In our work, we assume that Gm = 0 ( 1 / 6 *) and Gg = 0 ( 1 ), which 
do not violate the law of conservation of energyl^ For simplicity, we assume unit antenna 
efficiency, i.e., no antenna loss. Each node can steer its antenna for directional transmission 
or directional reception. 

Similar to ll2^ . for a given time instance, suppose that node i G {1, • • • ,n} transmits to 
node /cG{l,---,n}\{l} and they beamform to each other according to the above assumption. 
Let Xi, I 2 , and X 3 denote three different sets of nodes transmitting at the same time, where 
both nodes zi G Xi and k beamform to each other, either node Z2 G X 2 or k beamforms to 
the other node (but not both), and neither node I 3 G X 3 nor k beamforms to the other node, 
respectively. Note that node i is in Xi since nodes i and k beamform to each other. 

Under the directional antenna model, the received signal of node k at the given time instance 
is represented by 


Vk ^ ^ T ^ ^ hki2^i2 T ^ ^ hki^Xi^ -\- 

i 1 SXi 12 SX2 *3 SX3 

where Xi^, and Xjg G C are the signals transmitted by nodes A, 12, and I3, respectively, 
and Uk denotes the circularly symmetric complex Gaussian noise with zero mean and variance 


^Instead of directional antennas modeled as a cone in a three-dimensional view 1261 . we use a rather simple two-dimensional 
antenna model since simplifying the shape of the antenna pattern will not cause any fundamental change in terms of capacity 
scaling law. 

^Note that Gm = Gs = 1 in the omnidirectional mode. 
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Nq. The channel coefficients hki^, hki^, and hki^ are given by 


hkii 


hki2 


hki^ 


a/2 ’ 

^kn 

a/2 

^ki2 


OL 2 
r. : 
kiz 


respectively, where cpkj represents the random phase uniformly distributed over [0, 2%) and 
independent for different j, k, and time (transmission symbol), i.e., fast fading dU, [|T^ . [|29ll . 
The parameters Vkj and a> 2 denote the distance between nodes j and k, and the path-loss 
exponent, respectively. Each node should satisfy the average transmit power constraint P > 0 
during transmission, which is a constant. Channel state information (CSI) is assumed to be 
available at all receivers, but not at transmitters. 

In the following, we formally define the per-node and aggregate throughputs used through¬ 
out the paper. 

Definition 1 (Throughput): A per-node throughput R(n) is said to be achievable with 
high probability (w.h.p.) if all sources can transmit at the rate of R(n) bits/sec/Hz to their 
destinations with probability approaching one as n increases. Accordingly, the achievable 
aggregate throughput is at least given by T{n) = {n/2)R{n). 0 

For the rest of this paper, we will analyze throughput scaling laws of wireless ad hoc 
networks equipping directional antennas at each node. Throughout the paper, E[-] and Pr(-) 
denote the statistical expectation and the probability, respectively. Unless otherwise stated, all 
logarithms are assumed to be to base two. 


III. Elastic Routing Protocol 

In this section, we describe our elastic routing protocol, which can be designed with the 
help of the directional antennas. Under the protocol, we perform multihop (or even single-hop) 
transmission by elastically increasing per-hop distance as a function of the scaling parameter 
6, which ultimately enhances the throughput performance compared to the conventional 
multihop |[ll, dUl. We focus primarily on the dense network configuration, but the overall 
procedure of our protocol can be directly applied to the extended network configuration. 

Eet us first show how to perform beam steering at each node using directional antennas. At 
each hop, as illustrated in Fig. [21 the antennas of each selected transmitter-receiver pair are 
steered so that their beams cover each other, which enables to achieve the maximum antenna 
gain at each transmitter-receiver pair. 

We now describe how each SD pair performs the elastic routing based on the beam 
steering technique described above. Eet Ts be the total number of scheduling time slots. 
We assume that, at each time slot s G {1, • • • ,Ts}, randomly chosen M(n) SD pairs are 
activated simultaneously, where M(n) scales as VL{^n/ logn) and O(n)0 We denote the set 
of scheduling time slots to which the pth SD pair belongs by <I>p, where pG {I,-- - For 

instance, if the pth SD pair is scheduled at time slots 1, 3, and 5, <I>p is given by = {1, 3, 5}. 
We further denote Tp = |<I)p|, where |$p| denotes the cardinality of 

"'ll is not desirable that M(n) scales as o(^/n/]ogn) since, in this case, the throughput scaling achieved by our elastic 
routing is less than that of the conventional multihop scheme. 
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Fig. 2. Beam steering at each transmitter-receiver pair. 




Fig. 3. An example of an SD path passing through its associated routing regions in the dense network, where the 9-TDMA 
scheme is used. 


The following lemma shows that eaeh of n/2 SD pairs can be served with almost the same 
fraction of time in the limit of large n. 

Lemma 1 (Strong typicality): Suppose that Ts = n^. Then, for sufficiently large n, ^ is 
lower-bounded by 

2M(n) 1 

n n 

w.h.p. for all p G {1, • • • , n/2}. 
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Proof: Since M{n) SD pairs among n/2 are scheduled at random for eaeh time slot, the 
probability that a speeifie SD pair is served at eaeh time slot is given by 2M{n)/n. Hence, 
by applying the result of OOl Lemma 2.12], we show that, for any .^ > 0, the probability that 

^ _ 2M{n) ^ 

rri - S 

Ts n 

1 T 

for all p G {1, • • ■ ■,n/2] is greater than 1 — Then, by setting ^ we have ^ > 

_ i \Yith probability greater than 1 — whieh eonverges to one as n tends to infinity. 
This completes the proof of the lemma. ■ 

As depleted in Fig. [3l we divide the whole area into 1/A{n) square routing cells with per- 
cell area A{n), where A{n) is assumed to scale as D(logn/n) and 0(1). We draw the straight 
line conneeting a souree to its destination, termed an SD line. Then, paekets for eaeh SD pair 
travel horizontally or vertieally along its SD line by hopping along adjacent routing cells of 
area A{n) until they reaeh the eorresponding destination. While travelling along its SD line, 
a eertain node in each routing cell is arbitrarily seleeted as a relay forwarding the paekets. 
As in the earlier work m, [H, in the dense network, a transmit power of P(logn/n)"0 is 
used at each node. 

We further divide each routing cell with area A{n) into smaller square regions of area 
21ogn/n, whieh guarantees that eaeh smaller region has at least one node w.h.p. (see [[II 
for the details). As in [[T]|, [|5]|, the 9-time division multiple access (TDMA) scheme is used 
between smaller regions to avoid huge interference (see also Fig. [3]). Then, only a single node 
in each activaved smaller region transmits its paekets. 

Figure [3] illustrates the packet transmission of a particular SD pair, where the souree and 
destination nodes are indicated by blue eircles, the relay nodes are indicated by green circles, 
and the interfering nodes that simultaneously transmit paekets of other SD pairs are indicated 
by red eircles, respeetively. 

Let dhop and h denote the average transmission distance at eaeh hop and the average number 
of hops per SD pair, respeetively. Then, from the above routing, it follows that 

Mn) = e (4p) = e (i) ( 2 ) 

in the dense network. 

Now, let us turn to how to decide per-eell area A{n) aeeording to given beam width 9, 
whieh plays an important role in determining the throughput of the proposed elastie routing. 
If A{n) is given by a function of n, then the average per-hop distance dhop can also be 
determined using Q. We note that dhop is elastically increased as much as possible while the 
average SINK at eaeh reeeiver is set to 0(1). Such dhop is shown according to the value of 
9 as follows: 



which will be verified later. Note that dhop = 0(y/logn/n) in the omnidireetional mode (i.e., 
d = 0(l)). 












Fig. 4. The intra-pair interference affecting rxp,; with correlated beam directions, where tXp,; is the desired transmitter. 


As expressed in (|3]), aeeording to the beam width 6, the whole operating regimes are divided 
into two fundamental regimes. The two operating regimes and their corresponding routing 
schemes in each regime are summarized as follows. 

. Regime I: e-^ = o(^{j^Y^ 

In the regime, the elastic routing outperforms the nearest-neighbor multihop routing. As 
6~^ increases, a long-range transmission is performed at each hop owing to an enhanced 
antenna gain at each transmitter-receiver pair. 

. Regime II: 

The single-hop transmission is performed in the regime, where per-hop distance can 
reach up to O (1). 

In the extended network, a full transmit power P is used at each node. Then, it follows 
that 


4op = 0 (^min I v^log nO \/^|) 

I 0(vT^r2/“) = 

I 0(V^) = 


(4) 


which turns out to be scaled up by a factor of ^/n, compared to the dense network case in ([3]). 

Since, unlike the nearest-neighbor multihop routing [[0, packets can travel much farther 
at each hop for the proposed elastic routing in the directional mode, the average number of 
hops, h, can be reduced significantly, thereby resulting in an improved throughput up to a 
linear scaling, which will also be specified in the following section. 


IV. Main Results 

This section presents our main result, which shows throughput scaling laws achievable by 
elastic routing for both dense and extended networks using directional antennas. 


A. Throughput Scaling in Dense Networks 

In this subsection, the throughput scaling for dense networks under the elastic routing 
protocol is analyzed. Let tXp ^ and rxp ^ denote the transmitter and the corresponding receiver 
of the Ith hop of the pth SD pair, respectively, where I G Tip and pG {I,-- - ,n/2}. Recall 
that Tip = {1,2, •• • , l3ph} denotes the set of hops for the pth SD pair, where > 0 is 
a parameter that scales as 0(1). Here, tXp ^ and rxp ^ are fixed during the entire scheduling 
time since they are solely determined by the network geometry. Let SINRp i(s) denote the 















9 


instantaneous received SINK of rxp i at time slot s G {1, • • • ,7s} for the /th hop of the pth 
SD pair. Then, we have 


SINRp,Ks) 


PyM 

No + IpAsY 


(5) 


where Pp,i{s) denotes the received signal power of rxp^^ from the desired transmitter at 
time slot s and /p,z(s) denotes the total interference power of rxp_; from all interfering nodes 
at time slot s. 

Obviously, one can see that 


PpA^) = 0 if s ^ $p 


( 6 ) 


from the proposed elastic routing. For s G <Fp, the pth SD pair is activated and nodes tXp ^ 
and rxp^i direct their beams to each other to maximize the antenna gain during the /th hop 
transmission. Hence, we have 




\k 




2 p 




if s G $p. 


(7) 


Now, we turn to computing the total interference power Ip,i{s). For analytical conve¬ 
nience, we first divide /p,i(s) into two parts, and /p^](s), which indicate the intra¬ 

pair interference power and the inter-pair interference power at time slot s G {I,-- - 
respectively. Due to our multihop-based elastic routing characteristics, the beam directions at 
the transmitters and receivers belonging to the same SD pair may be highly correlated to each 
other. Figure |4] illustrates how the intra-pair interference is generated along with correlated 
beam directions when multiple transmitters in each SD pair are simultaneously activated. For 
this reason, we treat the intra-pair interference separately from the inter-pair interference. 
Then, it follows thail 



(s) < 2P 



(/■4opr; 


= 0 





( 8 ) 


where the inequality holds since at most two nodes can generate the intra-pair interference 
between (/ — l)(ihop and /dhop apart from node rxpi. Each receiver also suffers from the 
inter-pair interference, which is generated by other activated SD pairs. Unlike the intra-pair 
interference case, the routing path of all SD pairs is determined independently of each other 
since M{n) SD pairs are chosen uniformly at random at each time slot s. As illustrated in 
Fig. m when the 9-TDMA scheme is used, the nodes generating the inter-pair interference 
can be computed by using the layering technique [[T9ll with the concept of tier indexed 
by t, where iup ^ * j(s) denotes the fth inter-pair interferer placed on the tth tier that causes 
the inter-pair interference to rXp i at time slot s. Note that irip ; f j(s) may vary over time slots 


^Due to the 9-TDMA scheme, even if the distance between rXp_; and each intra-pair interferer needs to be more carefully 
considered, it does not fundamentally change the scaling law result for 
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Fig. 5. The inter-pair interferers that affect rxp,; when the 9-TDMA is used in the dense network. 


since M(n) SD pairs are uniformly ehosen at random for eaeh time slot s G {1, • • • ,^ 5 }. 
Then, the total amount of inter-pair interference of rxp; at time s is upper-bounded by 


00 8t 


t=i 1=1 


< P 


logn 


n 

00 8t 


q/2 


logn 


•EEb 

t=l i=l \ 

00 8t 

^EE‘'“^p-'.M(i>). 

t=l 7=1 




(9) 


where denotes the inter-pair interferenee power of ^ eaused by the inter-pair 

interferer \np^i^t,iis) at time slot s and Xp^i^t,i{s) G {G‘^,GmGs,G‘l} denotes the antenna gain 
between rxp^; and inp^;^tp(s) at time slot s. 

Before presenting our main result, we start from the following lemma, which establishes 
an upper bound on the expeeted inter-pair interference power at eaeh reeeiver. 

Lemma 2: Consider the pth SD pair whose packets travel over Pph hops from the source 
to its destination. Then, the expeetation of the inter-pair interference power /p^](s) is upper- 
bounded by 


E 



0 ( 1 ). 


( 10 ) 


Proof: First of all, similarly as in l[22]l . Il26ll . the direetion of the reeeive beam at node 
rxp^i is independent of the direetion of the transmit beam at \np^i^t,i for t G {1, 2, • • •} and 
i G {1, • • • , 8t} sinee inter-pair interferers are only concerned. Thus, from ®, the expeetation 
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of the inter-pair interferenee power is upper-bounded by 

E 




< E 


oo 8t 


t=l i=l 

oo 8 t 


t=l i=l 


= SPE 

t=i 


( 11 ) 


where the first equality holds sinee E[Xp^i^t,i{s)] is the same for all f G ,} and 

i G {1, • • • , 8t}. By using the faet that 


we have 


Pr {Xpu.iM = al) 

Pr {^p,l,t,i{s) = GmGs) 

Pr {Xp^i^tAs) = Gl) 


{271-6)6 
(27r - 6)^ 

47J-2 ’ 


E 


XjA‘^^'’"\s) 


— z — nG^ H -— r — GmGs H -:—— G? 


dTT^ 

= 0 ( 1 ), 


(27r - 6)6 


{271 — 6)^ 


27r2 


47r2 


( 12 a) 

( 12 b) 

(12c) 


(13) 


which comes from the fact that Gm = 0(1/6*) and Gg = 0(1)- Finally, from (fTTT) and (fTSl) 
and the fact that X)^i 1® upper-bounded by a constant for a > 2, we have (fTOl) . which 
completes the proof of the lemma. ■ 

In the following theorem, we state the aggregate throughput achievable by elasting routing 
in the dense network. 

Theorem 1: In the dense ad hoc network of unit area, the aggregate throughput achieved 
by elastic routing is given by 

T{n) = Tl (min {\/? 26 *“^^", n} 

if 0 - 1=0 

fl(ni-^) if 0 -i=fl 




w.h.p., where e > 0 is an arbitrarily small constant. 

Proof: First of all, we set T 5 = n^, which satisfies the condition in Lemma [TJ Since 
the per-node throughput R{n) in Definition [T] is defined as the average rate per each SD pair 
over the entire time slots. 
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R{n) > — min ^ log (1 + SINRp/s)) 
se{i,-" ,7s} 


Ts p 
1 


Tc 


min I ^log(l + SINRp.;(s)|se 

PR I 


5 P 


SG.^r) 


(15) 


is achievable, where the minimum is taken over all pairs pG {I,-- - ,n/2} and hops I G Tip. 
Here, the equality holds since SINRp /(s) = 0 if s ^ (see ® and ®). 

Then, from Q, dV])-®, SrNRp,z(s) ean be lower-bounded by 


SINR^in(s) ^ 



(16) 


which does not rely on parameters p and Z, if s G for all p G {1, • • • ,72-/2} and I G Tip, 
where 


St 


j[2]_ 


S = 


t=l i=l 






Henee, one ean obtain 


R{n) 

> 7 ^ V] log (1 + SINRmin(s)|s G <hp) 


w.h.p. 

> 


Ts 


E [log (1 + SINRmin(s)|s G <hp)] 


>P^log 

-Ls 


w.h.p. 

> 




\ 


w.h.p. 

> 



(17) 


is aehievable w.h.p., where dhop is given by @ and cq, ci, and C 2 are some positive constants. 
Here, the first inequality holds sinee SINRmin(s) is the same for all p G {1, • • • ,72-/2} and 
I G Rp, the second inequality holds since /jnL(s) is independent and identically distributed 
(i.i.d.) for s and Tp in an increasing funetion of n (refer to Lemma [B, the third inequality 
holds by Jensen’s inequality sinee log(l + a/x) is convex in x for all a > 0, the fourth 
inequality holds from Lemma [2l and the fifth inequality holds from Lemma [TJ 
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T{n) 



Fig. 6. The aggregate throughput scaling T{n), achieved by elastic routing, with respect to the inverse of the beam width, 

1 /e. 


Since 



logn \ 

dlopn J 


0/2 


e(i) 

!t(l) 


(18) 


from (|3]), by substituting (fTSl) into (fTTl) . it is shown that R(n) = is achievable 

w.h.p. and, as a consequence, T{n) = VL{M{n)) is achievable w.h.p. Finally, from the fact 
that 

® (m^) - ® (^) 

and ([3]), the aggregate throughput achievable by elastic routing is given by (fT4l) w.h.p. This 
completes the proof of the theorem. ■ 

The aggregate throughput scaling T{n) is illustrated in Fig. 0 according to the scaling 
parameter 1/6 (the terms e and log n are omitted for notational convenience). From Theorem [H 
each operating regime is now closely scrutinized. When 6~^ = o((n/logn)®/"^) (Regime I), 
the throughput scaling gets increased as the beam width of the directional antenna becomes 
narrower. This is the regime where the proposed elastic routing provides a significant through¬ 
put improvement over the nearest-neighbor multihop transmission with increasing antenna 
gain. If 6~^ = Vt{n/ logn)“^"^ (Regime II), then a linear throughput scaling is achieved, which 
corresponds to the fundamental limit of the network under consideration and is consistent 
with the previous work (including the beam width scaling condition) based on the protocol 
model lf26]l . This is because all SD pairs can be simultaneously activated with no degradation 
on the received SINR, which scales as 0(1), while maintaining per-node throughput as a 
constant. Our result is thus general in the sense that the achievable scheme and its throughput 
are shown for all operating regimes with respect to 6 (i.e., for an arbitrary scaling of 6). 
From the achievability result, the following two interesting discussions are also shown. 
Remark 1 (Delay analysis): An improved aggregate throughput leads to a delay reduction 
owing to elastic routing, whereas, by using the conventional multihop scheme in the omnidi¬ 
rectional mode, the delay increases proportionally with throughput T(n) [|51|. 0 

Remark 2 (Ideal antenna model): For comparison, let us consider an ideal antenna model. 
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T{n) 



Fig. 7. The trade-off between the network delay D(n) and the aggregate throughput T{n) according to the types of the 
transmit-receive antenna. 


It can be straightforwardly shown that Lemma |2] also holds when there is no sidelobe gain [|^ . 
i.e., Gg = 0. This reveals that, under this ideal model, the aggregate throughput T{n) is given 
by dHl) as long as Gg = 0(1). Therefore, the existence of sidelobe beams, whose gain scales 
as 0(1), does not cause any throughput loss in scaling law. 0 

To be specific, with regard to Remark [H when we define the network delay D{n) as the 
average number of hops per SD pair, denoted by h, a trade-off between the network delay 
scaling and the aggregate throughput scaling can be illustrated in Fig. |7J In the omnidirectional 
mode, the network throughput increases up to Q{y/n) while the network delay gets also 
increased [15]|. On the other hand, with the use of directional antennas, the proposed elastic 
routing enables to increase the per-hop distance during the packet transmission, resulting in 
the reduced network delay and the increased number of simultaneously active SD pairs. 


B. Throughput Scaling in Extended Networks 

We now analyze the throughput scaling for extended networks using the elastic routing 
protocol. From the fact that Lemma[2lalso holds for extended networks, the following theorem 
establishes our second main result. 

Theorem 2: In the extended ad hoc network of unit node density, the aggregate throughput 
achieved by elastic routing is identical to the dense network case as in Theorem [T] 

Proof: In the extended network, by following the same analysis as in (fT5]) - (fT7]) . we have 


w.h.p. 

R{n) > 





csGl, 


No + 


'4“p 





where dhop is given by dH) and C3, C4, and C5 are some positive constants. Since 


G: 


^hop 


e((Eri)^) if »-■=<> ((13;;)°'“) 

fi(ii;i^) if»--fi((i^)”'‘) 


( 19 ) 
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Fig. 8. 


Infrastructure 



from dll), it follows that R{n) = = Vt{M{n)) are achievable w.h.p., 

which completes the proof of the theoremO ■ 

As in the achievability result based on the nearest-neighbor multihop in the omnidirectional 
mode m, note that, when elastic routing is used in the network, the aggregate throughput 
scaling for the extended network is the same as the dense network configuration for all 
operating regimes with respect to 9. That is, the network configuration type does not essentially 
change our scaling result as long as packet forwarding protocols such as the nearest-neighbor 
multihop routing and elastic routing are concerned. 

V. Extension to Hybrid Networks: The Use of Infrastructure 

In this section, we consider hybrid networks by deploying infrastructure aiding wireless 
nodes. Such hybrid networks, consisting of both ad hoc nodes and infrastructure nodes, have 
been introduced, and their throughput scaling laws were analyzed in IfTSlI - ETl . In a hybrid 
network equipping directional antennas at each node, we analyze the impact and benefits of 
the proposed elastic routing in further improving the throughput scaling. 

A. System Model 

The whole network area is divided into h{n) square cells, each of which is covered by 
one BS equipped with a single directional antenna at its center (see Fig. [ 8 ]), which similarly 
follows the system model in IfTSlI - lfT^ . For analytic convenience, let us state that parameters 
n and h{n) are related according to h{n) = rC for 7 G [ 0 , 1 ). Moreover, as in lfT5]l - lfT9]l . it is 
assumed that BSs are connected to each other by wired infrastructure with infinite bandwidth 
(i.e., infinite capacity) and that they are neither sources nor destinations. We assume that each 
BS has an average transmit power constraint P (constant) and CSI is available at the receive 
side including the receive BSs, but not at the transmit side including the transmit BSs. We do 
not assume the use of any sophisticated multiuser detection schemes at each receiver, thereby 
resulting in an easier implementation. 


®The throughput degradation up to a polylogarithmic term, coming from a power limitation, is omitted since it is negligible. 
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B. Infrastructure-Supported Elastic Routing Protocol 

We state our result based on the dense network model, but the overall proeedure ean 
be straightforwardly applied to the extended network eonfiguration. Now, we deseribe a new 
elastie routing seheme utilizing infrastrueture, i.e., BSs. For the infrastrueture-supported elastie 
routing scheme, each square cell is tessellated into several square routing cells having the 
area of Ainfra(^) (which will be specified later). As illustrated in Fig. [8l the infrastructure- 
supported elastic routing consists of three phases: access routing, BS-to-BS transmission, and 
exit routing. In the access routing, a source node transmits its packet to the nearest BS. The 
packet is then delivered to another BS that is nearest to the destination of the source via wired 
link. The packet is received at the destination from the BS in the exit routing. To avoid a 
large amount of interference, different time slots are used between not only routing schemes 
with and without infrastructure support but also access and exit routings. The infrastructure- 
supported elastic routing protocol is described more specifically as follows: 

• Divide the network into equal square cells of area l/h{n), each having one BS at the 
center of each cell, and again divide each cell into smaller square routing cells of area 

specified in (l20l) . 

. In the access routing, one source in each cell transmits its packets to the corresponding 
BS via the elastic routing, using one of the nodes in each adjacent routing cell. We draw 
the straight line connecting a source to its nearest BS. For convenience, we term the line 
a “source-BS line”. Then, packets for an SD pair travel horizontally or vertically along 
its source-BS line by hopping along adjacent routing cells of area Ainfi.a(n) until they 
reach the nearest BS. Similarly as in the pure ad hoc transmission case, while travelling 
along a source-BS line, a certain node in each routing cell is arbitrarily selected as a 
relay forwarding the packets. As in the omnidirectional mode, at each hop, a transmit 
power of P(logn/n)"/^ is used, and the antennas of each selected transmitter-receiver 
pair are steered so that their beams cover each other. 

. The BS that completes decoding its packets transmits them to the BS closest to the 
corresponding destination by wired BS-to-BS links. 

• In the exit routing, similarly as in the access routing, the infrastructure-supported elastic 
routing from a BS to the corresponding destination is performed, where each BS uses 
power P(logn/?7,)"/^ that satisfies the power constraint. We draw the straight line con¬ 
necting a destination to its nearest BS. Then, packets for an SD pair travel horizontally or 
vertically along the drawn BS-destination line by hopping along adjacent routing cells 
of area Ainfra(n) until they reach their destination. At each hop, the antennas of each 
selected transmitter-receiver pair are also steered so that their beams cover each other. 

When h{n) BSs are deployed over the hybrid network, the maximum distance that packets 


travel through air interface is limited by O yy if infrastructure-supported routing 
protocol is used. Thus, similarly as in the ad hoc network case, the area of the routing cell, 

^infra(ri), is givcn by 



( 20 ) 


in the dense hybrid network, where dinfra-hop and dinfra denote the average per-hop distance 
and the average number of hops, respectively, in the infrastructure-supported elastic routing. 
For given Ainfra(n), the average per-hop distance dinfia-hop can be determined using (l20l) and 
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is shown according to the value of 6 as follows: 


d 


infra-hop — 





( 21 ) 


where h{n) = rC^ for 7 G [ 0 , 1 ), whieh will be verified in the next subseetion. 

Note that, for the given transmit power (i.e., the transmit power P(logn/n)“/^), per-hop 
distanee in the infrastrueture-supported elastie routing is longer than that in the eonventional 
infrastrueture-supported multihop of the omnidireetional mode IfTSlI - ffT^ for all 0. 


C. Throughput Scaling 

In the following theorem, we establish our third main result, whieh presents the aggregate 
throughput T{n) with respeet to 6 *”^ when the proposed elastie routing protoeol is used in 
the dense hybrid network equipping direetional antennas. 

Theorem 3: In the dense network using infrastrueture, the aggregate throughput aehieved 
by elastie routing with and without BS support is given by 

T{n) = (min {max 6 (n)} , n} n~‘^) 

if 0-1 = o (b{n)'^/^ 



w.h.p., where e > 0 is an arbitrarily small eonstant. 

Proof: We provide a brief sketeh of the proof sinee the proof essentially follows almost 
the same line as in Theorem [TJ Under the hybrid network, the aggregate throughput T{n) is 
lower-bounded by 

T{n) > max{Tinfra(n),TadhocH}, 

where Tinfra(n) and Tadhoc(? 2 ') denote the aggregate throughputs aehieved by the infrastrueture- 
supported and pure ad hoe elastie routing protoeols, respeetively. 

From the faet that Tadhoc(’ 2 ^) is given by (fT4l) in Theorem [U let us now foeus on eomputing 
Tinfia(n.). We start from dealing with the access routing. The transmission rate of eaeh hop is 
expressed as a funetion of the SINK value at eaeh reeeiver that the paeket of a souree goes 
through via the infrastrueture-supported elastie routing until it reaehes the eorresponding BS. 
Let /p](s) and denote the intra-pair and inter-pair interferenee powers of rxp i (either 

an ad hoe node or a BS), respeetively, for the (th hop of the souree-BS line eorresponding 
to the pth SD pair at time slot s e {1, • • • , T 5 }. 
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Then, by following the same analysis as in ([ 8 ]) and we have 


/S(s) = o|g: 


2 

m I 12 


logn 


a/ 2 '' 


n 


'^infra-hop 

41m < 


CO 8t 


t=l i=l 


(23) 

(24) 


where Yp^i^t,i(s) e {G'^,GmGs,Gl} denotes the antenna gain between rxp^ and 
at time slot s. Under the infrastrueture-supported routing protoeol, there are b(n) souree- 
BS lines that are active simultaneously at each time slot. Thus, similarly as in the proof of 
Theorem [TJ the achievable per-node transmission rate during the access routing, Raccess(n) is 
lower-bounded by 


Raccess ('^) ^ 


2b(n) 


n 


■ log 


ceG 


1 + 


V IS 


log n 


^infra-hop 


a/2 


V A^0 + C7G^(^^) +C8y 


(25) 


w.h.p., where dmira-hop is given by (l2TI) and cq, cj, and cs are some positive constants. By 
substituting (l2TI) into (l25l) . it follows that 


-^access (^) ^ 


b(n] 


n 


is achievable w.h.p. In a similar fashion, it can also be shown that Rsxn(n) = VL((b(n)/n) 
is achievable w.h.p. during the exit routing. Hence, it is shown that Rinfm(n) = U 

is achievable w.h.p. and, as a consequence, Tinfra(n) = Vt (b(n)) is achievable w.h.p. In 
conclusion, the aggregate throughput T(n) is given by the result in (l22l) . which completes 
the proof of the theorem. ■ 

From Theorem [3l it is shown that, as the number of BSs b(n) scales slower than n}R, the 
throughput scaling and operating regimes remain the same as those of no infrastructure model 
(i.e., the ad hoc network model). However, when b(n) scales faster than the operating 
regimes and the best achievable schemes in each regime are considerably changed and are 
summarized as follows: 

. Regime III: = o {b(n)^/^ 

The infrastructure-supported elastic routing is used, and its throughput scaling is given by 
b(n). In the regime, the use of directional antennas is not useful in terms of throughput 
scaling laws. 

. Regime IV: = U {b(n)^R and = o • 

In Regime IV, the ad hoc elastic routing outperforms the infrastructure-supported elastic 
routing. Thus, the use of infrastructure is not helpful in this regime. The aggregate 
throughput scaling U is achieved, which is the same as that in Regime I 

assuming no BSs. 

. Regime V: = M 
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T{n) 


n 



h{n) 



e 


Fig. 9. The aggregate throughput scaling T{n), achieved by elastic routing, with respect to the inverse of the beam width, 
1/9, where b{n) — is assumed. 


The single-hop transmission is performed in this regime where a linear aggregate through¬ 
put scaling is achieved, which shows the same scaling as Regime 11. 

In the hybrid network assuming that b{n) = the aggregate throughput scaling 

r(n) is illustrated in Fig. |9l Note that, when b{n) = the throughput scaling is the 

same as Theorem [H which is shown in Fig. When the beam width 9 of each directional 
antenna is not sufficiently narrow (Regime III), the throughput scaling is given by the number 
of BSs, b{n), where the throughput scaling is improved with the help of the BSs but the use 
of directional antennas is not helpful in further enhancing the throughput performance. As 
9 becomes narrower (Regime IV), the throughput scaling is improved with increasing 9~^ 
and thus the directional antenna gain can be attainable, where the pure ad hoc elastic routing 



(Regime V), a linear throughput 


scaling is achieved, which eventually approaches the fundamental limit of the network. 

In addition, we remark that, since each source/BS can reach the corresponding BS/destination 
via one hop using a transmit power of Pb{n)~°‘/‘^9‘^, an infrastructure-supported single¬ 
hop directional transmission in each cell can also be performed while achieving the same 
throughput scaling law as the infrastructure-supported elastic routing case. 

In the extended hybrid network, a full transmit power P is used at each node (including 
each BS) since the network is also power-limited. Then, one can easily see that the throughput 
scaling and fundamental operating regimes are the same as those in the dense network. 


VI. Conclusion 


This paper has analyzed throughput scaling laws of ad hoc networks equipping directional 
antennas, each of which has a scalable beam width 9 with respect to the number of nodes, 
n. To fully utilize the characteristics of directional antennas, the elastic routing protocol was 
proposed, where per-hop distance is increased elastically according to 9 while the average 
received SINR is maintained as a constant. Under the proposed routing protocol, fundamental 
operating regimes with respect to 9 and the corresponding throughput scaling laws were 
identified. It was proved that the elastic routing protocol exhibits a much higher throughput 
scaling result compared to the conventional multihop scheme as 9~^ increases. Moreover, our 
result was generalized to the hybrid network scenario with infrastructure. The impacts and 
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benefits of the elastic routing protocol were comprehensively analyzed in further improving 
throughput scaling laws in the hybrid network. 
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